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An edge e of a minimally 3-connected graph G is non-essential if and only if the
graph obtained by contracting e from G is both 3-connected and simple. Suppose
that G is not a wheel. Tutte’s Wheels Theorem states that G has at least one non-
essential edge. We show that each longest cycle of G contains at least two non-
essential edges. Moreover, each cycle of G whose edge set is not contained in a fan
contains at least two non-essential edges. We characterize the minimally 3-connected
graphs which contain a longest cycle containing exactly two non-essential edges.
 1997 Academic Press
Tutte’s Wheels Theorem [20] states that a minimally 3-connected graph
G which is not a wheel contains an edge e such that the graph obtained
from G by contracting e is both 3-connected and simple; that is G contains
a non-essential edge. The existence of non-essential edges in a graph has
proven to be an important induction tool in studying 3-connected graphs
(see, for example, [20]). Hence it is worthwhile to study the distribution
of these edges in a graph. In Theorem 1 we extend Tutte’s Wheels Theorem
by showing that every longest cycle of G contains at least two non-essential
edges. Moreover, G has a longest cycle containing exactly two non-essential
edges if and only if G is a member of one of five infinite families of graphs.
We define fans below and also show that each cycle of G whose edge set
is not contained in a fan contains at least two non-essential edges.
An edge of a 3-connected graph is said to be contractible if and only if
the graph obtained from G by contracting e is 3-connected. There has been
much interest in characterizing 3-connected graphs which have substruc-
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example, [15, 810]). Although our theorems are related to these results,
they do not follow from them as a graph with few non-essential edges can
contain arbitrarily many contractible edges.
Throughout this paper we will assume that G is a minimally 3-connected
graph which is not a wheel. Let e be an edge of G. The graphs obtained
from G by deleting and contracting e are denoted by G"e and Ge, respec-
tively. As e is non-essential if and only if Ge is both 3-connected and sim-
ple, e is essential if and only if Ge is either not 3-connected or not simple.
A triad of G is a set of three edges which meet a vertex of degree three.
Suppose k1 is odd and F=[a1 , a2 , ..., ak+2] is a set of distinct edges of
G. If F is maximal with respect to the property that [ai , ai+1 , ai+2] is a
triad when i is odd, and a triangle when i is even, then F is called a fan of
G. If k=1 and F consists of a single triad, then F is called a trivial fan
(Fig. 1).
Split-wheels, crossed split-wheels, three-fans, four-fans, and doubly inter-
locked wheels are five classes of minimally 3-connected graphs constructed
from joining two, three, or four fans as in Fig. 2. The only fans in these
graphs which may be trivial are those labelled F, G, and H in the three-
and four-fans. The non-essential edges are labelled in each of these graphs.
The next theorem is the main result of the paper.
Theorem 1. Let G be a minimally 3-connected graph which is not a
wheel. Each longest cycle of G contains at least two non-essential edges. Each
cycle of G whose edge set is not a subset of a fan contains at least two non-
essential edges. Moreover, G has a longest cycle containing exactly two non-
essential edges if and only if G is a split-wheel, a crossed split-wheel, three-
fan, four-fan, or a doubly interlocked wheel.
Dean, Hemminger, and Ota [9] showed that a 3-connected graph has a
longest cycle which contains exactly two contractible edges if and only if it
is the prism K2_K3 . Interestingly, the prism graph is both a split-wheel
and a crossed split-wheel. Oxley and Wu [16] showed that the split-
wheels, crossed split-wheels, three-fans, and doubly interlocked wheels are
the minimally 3-connected graphs with few non-essential edges.
Figure 1
203TUTTE’S WHEELS THEOREM
File: 582B 172003 . By:XX . Date:21:03:97 . Time:16:04 LOP8M. V8.0. Page 01:01
Codes: 1522 Signs: 983 . Length: 45 pic 0 pts, 190 mm
Figure 2
Theorem 2. Let G be a minimally 3-connected graph which is not a
wheel. Then G has at least three non-essential edges. The graph G has exactly
three non-essential edges if and only if G is a split-wheel or a crossed split-
wheel. The graph G has exactly four non-essential edges if and only if G is
a three-fan or a doubly interlocked wheel.
We obtain the following immediate corollary of Theorems 1 and 2.
Corollary 3. Let G be a minimally 3-connected graph which is not a
wheel. If G has at least five non-essential edges and is not a four-fan, then
each longest cycle of G contains at least three non-essential edges.
Each of the graphs mentioned in Theorem 1 is hamiltonian. Hence the
following result is also an immediate consequence of Theorem 1.
Corollary 4. Let G be a minimally 3-connected non-hamiltonian graph.
Then each longest cycle of G contains at least three non-essential edges.
The following result of Oxley and Wu [14, Theorem 1.9] is used in the
proof of Theorem 1.
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Theorem 5. Let G be a minimally 3-connected graph which is not a
wheel. If e is an essential edge of G, then e is a member of a fan which con-
tains two non-essential end edges. Moreover, if e is in a trivial fan, then it is
in a unique fan or it is in exactly two fans, F1 and F2 which are triads, with
e being the only common edge and the other four edges of F1 and F2 being
non-essential.
We next give some notation and observations used in the proof of
Theorem 1. Throughout the paper C denotes a longest cycle of G. Let F be
a fan of G as given in Figure 1. Note that the edge set of C is not contained
in F. The edges in the set [a1 , a3 , a5 , ..., ak , ak+2] are called rim edges of
F. If F is non-trivial, then the edges a1 and ak+2 are also called end edges
of F. It can be shown using Theorem 5 that if F is a trivial fan, then F con-
tains at least two non-essential edges. If F is trivial, then choose the end
edges of F to be two of its distinct non-essential edges. Vertex w is called
the hub vertex of F. The rim edges of F do not form a cycle as otherwise
either G would be a wheel or [v, w] would be a vertex cut of G. The end
edges of fans considered here are non-essential and hence not in triangles.
This fact will be used frequently in the paper. For example, if e is an end
edge of two distinct fans of G, then these fans have distinct hubs. Each non-
end edge of a non-trivial fan is in a triangle and hence is essential.
Let R denote the set of rim edges of F. If F is non-trivial, then we say
that F is a zigzag fan of C if E(C) & E(F ) is P=(R"[ai]) _ [ai&1 , ai+1]
for some i # [3, 5, ..., k]. The edge set P is called a zigzag path of C. If F
is trivial, then we call F a zigzag fan of C if E(C) & E(F ) is the end edges
of F. The fan F is a corner fan of C if E(C) & E(F ) is either P1=
(R"[a1]) _ [a2] or P2=(R"[ak+2]) _ [ak+1]. The edge sets P1 and P2
are called corner paths using ak+2 and a1 , respectively. If e is an edge of C
which is not in F, and e is incident with the hub vertex of F, then e is called
a hub neighbor of F.
Proof of Theorem 1. Suppose that D is a cycle of G whose edge set is
not contained in a fan and which contains fewer than two non-essential
edges. Let e be an essential edge of G on D. By Theorem 5, there is a fan
F1 containing e. Exactly one of the end edges of F1 , say x, is on D. Let f
be an essential edge on D which is a hub neighbor of F1 . By Theorem 5,
f is contained in a fan F2 with two non-essential end edges. Evidently, x is
an end edge of F2 on D. Thus x is in a triangle; a contradiction. Hence D
contains at least two non-essential edges of G. It follows that each longest
cycle of G contains at least two non-essential edges.
Suppose that the longest cycle C of G contains exactly two non-essential
edges x and y and that G is not isomorphic to a split-wheel, crossed split-
wheel, three-fan, four-fan, or doubly interlocked wheel. The following two
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trivial claims follow from the fact that C is a longest cycle of G. They are
used several times in the remainder of the proof.
Claim 6. Let s and t be vertices on C which share a common neighbor
on C. Suppose that u and v are vertices not on C with s a neighbor of u and
t a neighbor of v. If there exists a path from u to v which is internally disjoint
from C, then u=v. K
Claim 7. Let s and t be vertices on C which are adjacent. If v is a vertex
not on C which is adjacent to s, then each path from v to t contains a vertex
on C other than t. K
Claim 8. Let F be a fan of G containing an essential edge of G on C.
Then at least one of the end edges of F is a non-essential edge on C.
Moreover, F is either a corner or a zigzag fan of C.
Proof of Claim 8. It is clear that C must use one of the end edges of F.
Suppose that F is neither a corner nor a zigzag fan of C. Then C meets F
precisely in the rim edges of F and F is non-trivial. Let w be the hub vertex
of F. Then C meets w in a hub neighbor as otherwise we could replace the
rim of F in C by a zigzag path to obtain a longer cycle. The end edges of
F are the only non-essential edges of C as C has at most two such edges.
Thus the hub neighbor of F is an essential edge. Hence w is the hub vertex
of distinct fans F1 and F2 . These fans share an end edge e as C has at most
two non-essential edges. Thus e is in a triangle; a contradiction. This com-
pletes the proof of Claim 8.
The next claim is similar to a result of Dean, Hemminger, and Ota [9,
Theorem 6] who showed that there do not exist three consecutive non-
contractible edges on C.
Claim 9. The edges x and y are not incident. Hence each is an end edge
or hub-neighbor of two distinct fans of G which contain essential edges on C.
Moreover, all zigzag fans of C are non-trivial.
Proof of Claim 9. Suppose x and y are incident. Let F1 be a fan of G
which contains an essential edge of C. By Claim 8, we may assume that x
is an end edge of F1 . Then y is an end edge or hub neighbor of some fan
F2 of G. Evidently, F1{F2 as the rim edges of F1 do not form a cycle and
x is not in a triangle. If y is a hub neighbor of F2 , then C contains a non-
essential end edge of F2 which is distinct from x and y; a contradiction.
Thus y is an end edge of F2 . Moreover, F1 and F2 must be corner fans of
C. The hub neighbor of F2 must be an essential edge of F1 as otherwise C
would contain a third non-essential edge as before. Hence F1 and F2 share
a hub vertex. We show a restriction of (F1 _ F2) in Fig. 3 as if F1 and F2
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Figure 3
are non-trivial. If F1 is trivial, then let c=e denote the triad vertex deter-
mining F1 in the remainder of the proof of Claim 9. Likewise, if F2 is
trivial, then let d=f denote the triad vertex determining F2 . Similar
adjustments are necessary in subsequent figures when they contain a trivial
fan.
The cycle C consists of the corner paths of F1 and F2 containing x and
y, respectively; that is, cv and dv, and the edges of the rims of F1 and F2
except for ac and bd. Note that a{u and b{u as the rim edges of F1 and
F2 do not form a cycle.
There exists a path P(a, b) from a to b in G&[u, v] as G is 3-connected.
Each vertex of F1 and F2 other than a, b, u, and v only meets edges of
F1 _ F2 . Thus P(a, b) is internally disjoint from (F1 _ F2) and hence C. It
follows from Claim 6 that a=b.
There exists a path P(a, v) from a to v in G&[c, d]. It follows from
Claim 7 that this path meets C internally.
The only vertex of C that P(a, v) can meet internally is u. Thus P(a, v)
contains a path P(a, u) from a to u which does not meet C internally. Then
the corner paths of F1 and F2 containing x and ad, respectively, and P(a, u)
forms a longer cycle than C; a contradiction. Hence x and y are not inci-
dent. It follows that each of x and y are incident with two essential edges
of C. The result follows from Theorem 5 and the fact that the end edges of
a trivial fan are incident. This completes the proof of Claim 9.
Claim 10. The edges of C are not contained in two distinct fans of G.
Proof of Claim 10. Suppose that the edges of C are contained in two dis-
tinct fans F1 and F2 of G. By Claim 9, x and y meet both F1 and F2 as end
edges or hub neighbors. By Claim 8, both F1 and F2 use x or y as an end
edge.
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Assume both F1 and F2 are zigzag fans of C. Then both F1 and F2 are
non-trivial. Both end edges of F1 and F2 are in C and so must be x and
y. We may assume that a restriction of (F1 _ F2) is as given in Fig. 4.
Each vertex of F1 and F2 other than u and v is only incident with vertices
of (F1 _ F2) . Thus V(G)"V((F1 _ F2) ) is empty or [u, v] would be a
vertex cut of G. As G is 3-connected, uv # E(G). Thus G is a split-wheel; a
contradiction.
Suppose that exactly one of F1 and F2 , say F1 , is a zigzag fan of C. We
may assume that a restriction of (F1 _ F2) is as given in Figure 4 except
that edge y joins c and v instead of c and d. Then F1 is a zigzag fan of C
and hence is non-trivial. If F2 is trivial, then identify d and f with the deter-
mining triad vertex of F2 . The cycle C consists of a zigzag path in F1 and
the corner path in F2 containing x. Suppose F2 is trivial. Then the edges of
F2 consist of x, dv, and dz for some vertex z. It follows that z{u from the
fact that x is not in a triangle. There is a path P(z, v) from z to v in
G&[d, u]. This path is internally disjoint from C contradicting Claim 7.
Thus F2 is non-trivial.
There exists a path P(d, u) from d to u in G&[ f, v]. This path is inter-
nally disjoint from C. Then du is an edge or the cycle formed by the corner
path of F1 containing x, a zigzag path of F2 , and P(d, u) would be longer
than C. By deleting [u, v] as before we see that V(G)"V((F1 _ F2) ) is
empty. Moreover, uv is not an edge as y is not in a triangle. Thus F2 is
non-trivial and G is a crossed split-wheel; a contradiction. It follows that
both F1 and F2 are corner fans of C.
We may assume that a restriction of (F1 _ F2) is as given in Figure 4
except that x joins d and u and y joins c and v. Suppose F2 is trivial. Then
the edges of F2 consist of du=x, dv, and dz for some vertex z. Note that
z is distinct from c, e, and u because edges x and y are not in triangles. The
cycle C consists of edges x and dv and the corner path of F1 containing
y=cv. Then G&[d, e] contains a path connecting z and [u, v] contradict-
ing Claim 7. Thus F2 , and likewise F1 , is non-trivial.
There exists a path P(e, f ) from e to f in G&[u, v]. The path P(e, f )
must be an edge or else a cycle formed by the corner path of F1 not con-
taining y, a zigzag path in F2 , x, and P(e, f ) would be a longer cycle than C.
Figure 4
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As before, one can show that V(G)"V((F1 _ F2) ) is empty and uv is not
an edge. It follows that G is a crossed split-wheel; a contradiction. This
completes the proof of Claim 10.
Claim 11. Every fan containing an essential edge on C is a corner fan
of C.
Proof of Claim 11. Assume there exists a zigzag fan F1 of C. Then x and
y are end edges of this fan. Let F2 be the fan of G which contains an essen-
tial edge in E(C)&E(F1) adjacent to x. Suppose x is a hub edge of F2 .
Then F2 is a corner fan of C and y is an end edge of F2 by Claim 8. This
contradicts Claim 10. Hence x is an end edge of F2 . Likewise, F2 is not a
zigzag fan of C, as then F1 and F2 would share x and y as end edges con-
tradicting Claim 10. Thus F2 is a corner fan of C. Let e be the hub neighbor
of F2 . Then e{y by Claim 10. Thus e is an essential edge in a corner fan
F3 of C. Moreover, F1{F3 as F1 and F2 do not share a hub vertex. The
edge x is an end edge of F1 and F2 and hence is not an end edge of F3 .
Thus y is an end edge of F3 by Claim 8. Consider the restriction of
(F1 _ F2 _ F3) given in Fig. 5. The cycle C consists of a zigzag path in F1
and the corner paths of F2 and F3 containing x and y, respectively.
Suppose a{u. There exists a path P(a, v) from a to v in G&[c, d]. This
path must meet C internally in u by Claim 7. Thus P(a, v) contains a path
P(a, u) from a to u which is internally disjoint from C. Hence the cycle
formed by the corner paths of F1 and F2 containing x, the corner path of F3
containing ac, and P(a, u) is longer than C; a contradiction. Hence a=u,
and by a symmetric argument, b=u. It follows that V(G)=V(F1 _ F2 _ F3)
as otherwise G&[u, v] would be disconnected. The edge cu is non-essential
and hence not in a triangle. Thus uv  E(G). If F2 or F3 is trivial, then x or
y, respectively, is in a triangle; a contradiction. Thus G is isomorphic to a
three-fan; a contradiction. This completes the proof of Claim 11.
Figure 5
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Claim 12. The edges x and y are not hub neighbors of a fan which con-
tains an essential edge on C. Thus each is an end edge of two distinct corner
fans of C.
Proof of Claim 12. First suppose that x is a hub neighbor of two distinct
fans F1 and F2 of G. Then F1 and F2 both have x or y as an end edge by
Claim 8. As x cannot be an end edge of either, y is an end edge of both
F1 and F2 . This contradicts Claim 10.
Suppose x is an end edge of F1 and a hub neighbor of F2 . Then y is an
end edge of F2 . Moreover, y is not an end- or hub-neighbor of F1 by Claim
10. Thus y is an end- or hub-neighbor of a fan F3 of G which is distinct
from F1 and F2 . The latter does not occur as then an end edge of F3 would
be a third non-essential edge of G on C. Hence y is an end edge of a corner
fan F3 of C. The hub-neighbor n of F3 must be an essential edge as n{x
and n{y. Moreover, n is in F1 or we obtain a third non-essential edge in
C4 . Thus we may suppose that a restriction of (F1 _ F2 _ F3) is as given in
Fig. 6. The cycle C consists of the corner path of F1 containing x, and the
corner paths of F2 and F3 containing y. Note that any two of the vertices
a, b, and e may be identical and b=v is possible.
We first show that a=e. Suppose the contrary. By Claim 7, there exists
no path from a to u which is internally disjoint from C. Note that a{v as
the rim edges of F1 do not form a cycle. Suppose there exists a path P from
a to v which is internally disjoint from C. Then the cycle formed by the cor-
ner paths of F2 and F3 containing y, the corner path of F1 containing ac,
and P is longer than C. Hence no such path exists.
Assume a{b. Then there exists a path P(a, b) from a to b in G&[c, e].
If b{v, then this path must meet C internally by Claim 6. If b=v, then
P(a, b) meets C internally by the previous paragraph. In either case we
obtain a path either from a to u or from a to v which is internally disjoint
from C; a contradiction by the previous paragraph. Hence a=b.
Figure 6
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There exists a path from a to u in G&[c, d]. This path must meet C
internally in v or e by Claim 7. The closest of these two vertices to a on
this path must be e by previous remarks. Hence there exists a path P(a, e)
from a to e which is internally disjoint from C. Consider a cycle D formed
by a zigzag path of F2 , the corner path of F1 containing ac, the corner path
of F3 containing y, and P(a, e). Then F2 is trivial and ae # E(G) or D would
be a longer cycle than C. There exists a path P(u, v) from u to v in
G&[e, g]. The path P(u, v) does not contain a as there is no path from a
to v which is internally disjoint from C. Thus the cycle formed by the rim
of F1 , P(u, v), the corner path of F3 containing y, and ae is longer than C;
a contradiction. Hence a=e.
Finally, we show that b=v. Suppose the contrary. There exists a path
P(b, u) from b to u in G&[d, v]. This path is internally disjoint from C.
This is a contradiction by Claim 7. Thus b=v. As G&[u, v] is connected,
V(G)=V(F1 _ F2 _ F3). It follows that uv  E(G) as x is not in a triangle.
It follows that F1 and F3 are non-trivial as x and y, respectively, are
not in a triangle. Thus G is a 3-fan; a contradiction. Hence x, and like-
wise y, is not a hub neighbor of a fan of G. This completes the proof of
Claim 12. K
It follows from Claim 12 that there exist distinct corner fans of C, F1 and
F2 which have x as an end edge. The hub-neighbor of F2 is not y. Hence
it is an essential edge in a fan F3 of G which is distinct from F1 . Hence F2
and F3 share a hub vertex. By Claim 8, y is an end edge of F3 as x is not.
Let F4 be the other corner fan of C for which y is an end edge. Then y can-
not be an end edge of F1 or F2 as these are corner fans of C which both
have x as an end edge and there are no zigzag fans of C. Hence F4 is
distinct from F1 and F2 . The hub-neighbor of F4 is an essential edge. This
edge must be in F1 as otherwise C would contain a third non-essential
edge. Hence a restriction for (F1 _ F2 _ F3 _ F4) is as given in Fig. 7. The
cycle C consists of the corner paths of F1 and F2 containing x, and the
corner paths of F3 and F4 containing y. Note that some pairs of vertices in
the set [a, b, c, d, e, f, g, h, u, v] may be identical.
Claim 13. a{e, b{f, g{c, h{d.
Proof. Suppose that a=e. Then the cycle formed by the rim edges of F1
and F2 is a component of G&[u, v]. Hence G is not 3-connected; a con-
tradiction. Thus a{e. By symmetry, b{f. Likewise, g{c and h{d. This
completes the proof of Claim 13.
Claim 14. a{v, b{v, g{u, and h{u.
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Figure 7
Proof. Suppose a=v. Then g{u or the rim vertices of F1 and F2 would
induce a component of G&[u, v]. Assume g=d. Suppose h{u. There
exists a path from h to v in G&[ f, u]. This path is internally disjoint
from C. This is a contradiction by Claim 7. Hence h=u. Thus V(G)=
V(F1 _ F2 _ F3 _ F4) as [u, v] is not a vertex cut of G. Then uv is not an
edge as the edge cv is not in a triangle. The fans F1 and F3 are non-trivial
as x and y are not in a triangle, respectively. Hence G is a four-fan; a
contradiction. It follows that g{d.
There exists a path P1 from g to u in G&[d, e]. The path P1 contains
a subpath P(g, z), for z # [ f, u, v], which is internally disjoint from C. By
Claim 6, z{v. If z=u, then the rim edges of F1 and F2 , P(g, u), and the
corner paths of F3 and F4 containing y forms a longer cycle than C; a con-
tradiction. Thus z=f. If F2 is non-trivial or gf  E(G), then the corner path
of F1 containing x, a zigzag path in F2 , P(g, f ), the rim edges of F3 , and
the corner path of F4 containing y is a longer cycle than C; a contradiction.
Likewise, if F3 is non-trivial, then we may construct a longer cycle than C
using the corner path of F1 containing x, the rim edges of F2 , P(g, f ), a
zigzag path of F3 , and the corner path of F4 containing y. Thus F2 and F3
are trivial and fg # E(G).
There exists a path P(d, g) from d to g in G&[e, f ]. As before, P(d, g)
cannot contain a subpath from g to u or g to v which is internally disjoint
from C. Hence P(d, g) is internally disjoint from C. Thus the cycle consist-
ing of the corner fan of F4 not containing y, P(d, g), the path gfve, and the
corner path of F1 containing x is longer than C; a contradiction. Hence
a{v. By symmetry, b{v, g{u, and h{u. This completes the proof of
Claim 14. K
Assume there exists a path P(a, e) from a to e which is internally disjoint
from C. Then P(a, e), the corner path of F2 containing eg, the corner paths
of F3 and F4 containing y, and the corner path of F1 containing ac forms
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a longer cycle than C; a contradiction. By Claim 7, there does not exist a
path from a to u which is internally disjoint from C.
Claim 15. There exists a path P(a, f ) from a to f which is internally dis-
joint from C.
Proof. Assume the claim is false. Then a{f. If b=e, then G&[c, v]
has a path from a to [u, f ] internally disjoint from C; a contradiction.
Thus b{e.
Suppose a{b. There exists a path P(a, b) from a to b in G&[c, v]. By
Claim 6, P(a, b) meets C internally. Hence P(a, b) contains a subpath from
a to e, f, or u which is internally disjoint from C; a contradiction. It follows
that a=b. Note that g{a as there does not exist a path from a to e which
is internally disjoint from C. Moreover, there does not exist a path from g
to a which is internally disjoint from C for the same reason.
There exists a path P(g, u) from g to u in G&[e, f ]. Suppose P(g, u) is
internally disjoint from C. Then the cycle formed by the corner path of F1
containing ac, the corner path of F2 containing eg, the corner path of F3
containing y, the rim edges of F4 , and P(g, u) is longer than C; a con-
tradiction. Hence P(g, u) contains a or v. Thus P(g, u) contains a subpath
P(g, z) which is internally disjoint from C for z # [a, v]. Evidently, z{a by
the remarks at the end of the previous paragraph. Thus z=v. This is a con-
tradiction by Claim 7. This completes the proof of Claim 15. K
We have shown that there is a path from the upper left corner of Fig. 7
to the lower right corner which is internally disjoint from C. By an obvious
symmetry, there exists a path P(g, d ) from g to d which is internally dis-
joint from C. Then a=f and g=d or else the cycle formed by the corner
path of F1 containing ac, the corner path of F2 containing eg, the corner
path of F3 containing fh, the corner path of F4 containing bd, P(a, f ), and
P(g, d) would be longer than C. Each vertex of (F1 _ F2 _ F3 _ F4)"[u, v]
meets a triad. If V(G)"V(F1 _ F2 _ F3 _ F4) is non-empty, then G&[u, v]
is not connected; a contradiction.
Assume that F1 is trivial. If F4 is trivial, then uv is an edge because the
minimum degree of G is at least three. Thus cu is a third non-essential edge
of G on C; a contradiction. Thus F4 is non-trivial. By the same argument,
either F2 or F3 is non-trivial. Then uv is not an edge by the minimal 3-con-
nectivity of G. Thus cu is a third non-essential edge of G on C; a contradic-
tion. Thus F1 , and likewise F2 , F3 , and F4 , are non-trivial. Hence uv is not
an edge as G is minimally 3-connected. Thus G is a doubly interlocked
wheel; a contradiction.
Note that it is straightforward to check that split-wheels, crossed split-
wheels, three-fans, four-fans, and doubly interlocked wheels are hamiltonian
minimally 3connected graphs which contain longest cycles containing
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Figure 8
exactly two non-essential edges using Claim 6 and the fact that a longest
cycle of one of these graphs which contains more than two non-essential
edges meets each fan in either the rim edges, a corner path, or a zigzag
path. K
An element e in a minimally 3-connected matroid M is said to be non-
essential if and only if Me is 3-connected.
Let M=M*(G) where the graph G is given in Fig. 8. Then x and y are
the only non-essential elements of the minimally 3-connected matroid M.
Thus [1, 2, ..., 6, y] is a largest circuit of M which contains only one
non-essential element. Thus Theorem 1 does not generalize to matroids.
However, Wu [23, Corollary 2.6] established the following weaker version
of Theorem 1 for the class of matroids.
Theorem 16. Let M be a minimally 3-connected matroid which is neither
a wheel nor a whirl. Then every largest circuit of M contains at least one
non-essential element.
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